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Wtv+i-CONSTRAINTS FOR SINGULARITIES OF TYPE An 

BOJKO BAKALOV AND TODOR MILANOV 



Abstract. Using Picard-Lefschetz periods for the singularity of type Aj^, 
we construct a projective representation of the Lie algebra of differential 
operators on the circle with central charge h := iV + 1. We prove that 
the total descendant potential Va^, of Ajv-singularity is a highest weight 
vector. It is known that can be interpreted as a generating function of 
^sj ■ a certain class of intersection numbers on the moduli space of /i-spin curves. 

In this settings our constraints provide a complete set of recursion relations 
between the intersection numbers. Our methods are based entirely on the 
I symplectic loop space formalism of A. Givental and therefore they can be 

Oh' applied to the mirror models of symplectic manifolds. 



1. Introduction 

It was conjectured by E. Witten ^37j and proved by M. Kontsevich [25j 
that the stable intersection theory on the moduh space Mg^n of Riemann sur- 
\Q I faces is governed by a unique solution of the KdV hierarchy. Following A. 

0> I Givental [16], we denote this solution by V^i and we refer to it as the Witten- 

Kontsevich t -function. More generally, given a compact Kahler manifold X, 
let A4g^n{^, d) be the moduli space of equivalence classes of degree-rf stable 
OO ! holomorphic maps with values in X, whose domain is a genus-^f Riemann sur- 

\ face equipped with n marked points. Similarly to A^g,„, there are intersection 

numbers in A^g_„(X, d), called Gromov-Witten invariants [3], [5], [26], f27], 
^ . [32j. One can organize them in a generating function Vx, similar to Vpt. It 

is natural to ask whether T>x can be uniquely identified with the solution of 
some integrable hierarchy. In general, it is very hard to approach this question. 
However, there is a class of manifolds for which the problem looks manageable. 
To specify them, one has to introduce the notion of Frobenius structure on a 
vector space H. It consists of a family of Frobenius algebra structures - one on 
each tangent space TtH, t E H - satisfying certain integrability conditions (see 
[0]). The Frobenius structure is called s emi- simple ii the multiplication in TfH 
is semi-simple for generic t E H. The genus-0 Gromov-Witten invariants of X 
give rise to a Frobenius structure on H*{X). In case it is semi-simple, Givental 
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conjectured (see [T^) that Vx is given by a closed formula, which depends only 
on the semi-simple Frobenius structure and the Witten-Kontsevich r-function 
Ppt- Givental's formula was recently proved by C. Teleman |36|. Since the 
formula for Vx makes sense for any semi-simple Frobenius structure, it is nat- 
ural to investigate a more general problem. Namely, what is the connection 
between integrable hierarchies and semi-simple Frobenius structures - see [7J 
and [8]. 

In this article we pursue a different direction, which in some sense is parallel 
to the above discussion. To begin with, let us recall that there is a different way 
to characterize Ppt. According to V. Kac and A. Schwartz [21], I^pt is a highest 
weight vector of the Virasoro algebra, which is a central extension of the Lie 
algebra of vector fields on the circle. Combinatorially, the meaning of the Vi- 
rasoro constraints is the following. The intersection numbers are obtained by 
integrating over M.g^n certain monomial expressions of the cohomology classes 
V'l, . . . , ipn, where ipi is the first Chern class of the line bundle on M.g^n formed 
by the cotangent lines at the i-th marked point. The Virasoro constraints give 
rise to a rule for removing the powers of ipn and thus they express each intersec- 
tion number in terms of simpler ones, depending on fewer t/^'s or lower genus. 
The Gromov-Witten invariants are obtained by integrating over M.g n{X, d) 
monomial expressions in cohomology classes of the type ev*(0)?/^f , where evj 
is the evaluation map at the 2-th marked point and G H*{X). One of the 
fundamental questions in Gromov-Witten theory, which is still open for mani- 
folds X whose quantum cohomology is not semi-simple, is whether Vx satisfies 
the Virasoro constraints (see [10], [H] [12] and also [9| and [IE]). They could 
also be interpreted as rules for removing ev*(l)?/^^, where 1 G H*{X) is the 
unity. More generally, one could ask whether there are rules for removing all 
cohomology classes ev* (0)?/'^, cj) G H*{X), or in terms of generating functions, 
is it possible to prove that Vx is a highest weight vector for an algebra larger 
than the Virasoro algebra? 

The above question makes sense for any Vx arising from a semi-simple 
Frobenius structure. In [16], A. Givental introduced a certain symplectic loop 
space formalism, which allowed him to prove that his formula satisfies Virasoro 
constraints. The problem then is to find a larger algebra such that Vx is still 
a highest weight vector. There is one case in which the answer is known (see 
[5]). Namely, the space of miniversal deformations of an ^Tv-singularity has a 
semi-simple Frobenius structure and for it V^^ is given by Givental's formula. 
In [T7j, it was proved that Vaj^ is a solution to the h-KdV hierarchy, where 
h := N + 1. In addition, according to the results of [16], V^^^ satisfies the 
string equation, which is just one of the Virasoro constraints, corresponding 
to removing 1 from the intersection numbers. Finally, it was proved in [Ij 
that a solution to h-KdV satisfying the string equation is unique and it is a 
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highest weight vector of the vertex algebra Wh- We are not going to use the 
theory of vertex algebras here. The last statement can be reformulated also in 
the following way (see [I3]). The algebra of differential operators on the circle 
has a unique central extension which is usually denoted by VTi+oo- The above 
statement means that there is a representation of VTi+oo with central charge 
such that Va,^ is a highest weight vector. 

In the present article we prove that T>Af^ is a highest weight vector for some 
algebra of differential operators defined in terms of Picard-Lefschetz periods 
and vertex operators. Our methods are based entirely on the symplectic loop 
space formalism of A. Givental developed in [TB] and pursued further in [17J 
and [12]. We also prove that after an appropriate change of the variables our 
constraints coincide with the W/i constraints. 

1.1. Formulation of the main result. Let T = be the space of miniver- 
sal deformations of f{x) = x^^^/ (A^ + 1), i.e., the points t = {t^, . . . , t^) G T 
parametrize the polynomials 

(1.1) Mx) = ^ + t'x^-' + --- + t''. 

To avoid cumbersome notations we put h := + 1. Each tangent space TfT 
is naturally identified with the algebra of polynomial functions on the critical 

set Crit 

d/dfem ^ dft/df (modnix)) e C[x]/{nix)). 

In particular, the tangent space TjT is equipped with an associative, commu- 
tative multiplication, which will be denoted by •t- In addition to the mul- 
tiplication we introduce also a flat structure on T via the following residue 
pairing: 

(1.2) {d/df , d/df)^ := J2^es.=i. ^''lf ';^' u;, u = dx, 

1=1 ^^^'^ 

where ^j, 1 < i < A^, are the critical points of ft- The flatness here means that 
we can find a holomorphic coordinate system (r^, . . . , r^) on T, in which the 
above pairing is constant. 

It follows from the definitions that the multiplication •t is Frohenius with 
respect to the residue pairing. It is also known that the following integrability 
condition holds (for example see p^): the family of connection operators 

1 ^ 

(1.3) V = V^-^- - - Y^{dldf»t)df 

^ i=i 

is fiat, where V'"'^' is the Levi-Cevita connection of the residue pairing. 
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Let H = C[x]/(x^) and Vi, 1 < i < N he the basis obtained from the 
projection of the monomials on H. Put 

o = (o,...,o,o)Gr, i = (o,...,o,i)er. 

Let = T^(t), 1 < i < N he flat coordinates on T such that t*(0) = and 
the restriction of the coordinate vector field di := d/dr^ to the tangent space 
TqT = H coincides with fj. Let us point out that = , so On is a unity 
with respect to the Frobenius multiplication •t- Also, the flat structure allows 
us to identify T = H , t ^ili and so we may assume that 1 = Sn- 

By definition, the symplectic loop space Ti is the space of formal Laurent 
series in with coefficients in the vector space H (these are series with 
finitely many positive powers of z and possibly infinitely many negative ones). 
The space Ti. is equipped with a symplectic structure: 

fi(0i, 02) := res^=o (0i(-2), 02(^)) dz, 0i(z), 02(2;) e H. 

The Darboux coordinate system for Vt is provided by linear functions g^, pk,i 
defined by the following formula: 

00 00 
0(z) = Y^qlviZ^ + ^^pj^^^vX-z)-^-^ 

k=0 k=0 

where {f*}i<i<Ar is a basis of H dual to {fi}i<i<Ar with respect to the residue 
pairing. We also introduce the Fock space, which by definition is the space of 
formal power series in the vector variables go, ?i + 1, ?2, • • •, with coefficients in 
the field = C((e)), where qk = J2i Ik'^i- 

By definition, a vertex operator is an operator acting on the Fock space of 
the following type: 

(1.4) exp ($^(-1)'=+^ {l^-'~'\v.) ^) exp ( (l^^), ^^)^ 

k=0 ^ k=0 

where I^"'^ G H. In the context of the symplectic loop space formalism the 
vertex operators will be interpreted as follows. Put (f){z) = Xlnez -^^"''(~^)" ^ 
H. The symplectic loop space His a. direct sum of two Lagrangian subspaces: 
H- := and H+ := H[z]. We denote by 0+ (resp. 0_) the projection 

of onto 7^+ (resp. 7Y_). The first and second exponent in (11. 4p are then 
quantizations of the linear Hamiltonians Q{ , 0_) and Q{ ,0+) respectively, 
where the quantization rules are defined by: = g^/e and pk,i = ^d/dq\. 

The period vector lf\t, A) G H, {t, X) E T X C is defined by the following 
formulas: 




l<i<N, 
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where a G Ho{ff\X); \T) is a 1-point cycle and the integral is interpreted as 
evaluation at a (the coefficients of the cohomology may be chosen even in C, 
but suffices for our purposes). 

The value of if^it^X) is well defined only if (t, A) is a point outside the 
discriminant locus {{t,u) | m is a critical value of ft}, and it depends on the 
choice of a path, avoiding the discriminant, from a fixed reference point in TxC 
to {t, A). It is convenient to choose (0, 1) for a reference point, although any 
other point outside the discriminant locus would work too. Furthermore, near 
A = oo, the period vector expands as a Laurent series involving only fractional 
powers of A. In particular, it makes sense to put li"'\t. A) = d^li^\t. A), where 
for negative n the operator is interpreted as formal integration. 

We are ready to define the vertex operators that will be needed in this 
article. Let Ta(t, A, s) be the vertex operator corresponding to the series 

Ut, A, s) = Ut, A + s) - Ut, A), Mt, A) = 5^ li^'Ht, \)i-zr, 

where s is a formal variable. In other words, our definition should be inter- 
preted as a formal Taylor series in s : 

oo ^ 

A, .) = 5^ ( 5^ /r^)(t, A)(-zr) ^. 

k=l neZ 

Using (11. 4p . it is easy to see that the action of the vertex operator on an 
element 'D{q) of the Fock space is given by: 

(1.6) F„(t, A, s)P(q) = e^^('i(^)''^-)p(q + e0+), 

where (f) := (pait. A, s). 

Finally, we need also the so called phase form: 

(1-7) W,,, = [li'\t,s)-li'\t,0)) [li'\t,s)-li'\t,0)). 

Here 

oo 

Ii'\t,s) - li'\t,0) = J2li'\t,0)s'/k\ 

k=l 

is interpreted via the Taylor's formula as a formal power series in s. Each 
product li''\t,0) •tlb\t,0) is a vector in H, which should be identified with 
TtT and then (via the residue pairing) with the co-tangent space T^T. So 
Wa,b is a formal power series in s whose coefficients are 1-forms on T. Notice 
that the phase form is multi- valued and has poles. 



6 



BOJKO BAKALOV AND TODOR MILANOV 



We say that a function V from the Fock space satisfies Wyij^-constraints if 
the expression 

(1.8) Ca(0,A,s)r,(0,A,s)P 

«6/o-l(l) 

is regular in A. Here Ca(0, A, s) = ea-^-i ^<i "^ where the integration path is 
chosen as follows: first we fix a one point cycle Oq G /(^^(l) and then we pick 
a path from —1 to — Al. For each a G fQ^{l)^ we precompose this path with 
a closed loop going several times around 0, such that the parallel transport of 
ao is a. 

Expression (11.81) is independent of the choice of Oq and the path from —1 to 
— Al, because we can interpret (11.81) as the sum over all branches of CagFaoP. 
The later means also that (II. 8p is invariant under the analytical continuation 
along a loop around A = oo. Therefore, the operator acting on V expands as 
a power series in s and a formal series in integral powers of A: 

oo 

(1.9) ^'^(0' ^' ^)ra(o, \^) = Y.ll A— V, 

a k=0 neZ 

where IV^ are some differential operators. The regularity of (11.81) means that 
only non-negative powers of A are present, i.e., W^V = for n + A; > 0. 
Our main result is the following theorem. 

Theorem 1.1. The total descendant potentialT) satisfies the Wai^- constraints. 

It is easy to obtain the genus-0 limit of the >VAjv-constraints. Let /;,a(p,q) 
be the linear Hamiltonian f2( ,^(0, A)). Then for each k > 2 we have the 
following expansion: 

Y Ca{0, A, s) {ha{q, p))' = Y hkA^, P)A— ^ 

Using the polarization H = 7i_ © we identify H with the cotangent 
bundle. On the other hand, the total descendant potential has the form 
T^An = 6*^^" ^^'"^ jg i^nown that the graph of the differential dJ-'^^^ is a La- 
grangian cone C in 7i, which has some very special properties (see [II] for more 
details). By taking only the lowest degree terms in e in our Wajv -constraints 
we get: 

Corollary 1.2. The Hamiltonians hk^n vanish for k > 0, n > —k when re- 
stricted to the the Lagrangian cone C. 
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1.2. Wi+oo-constraints. Let T{w, Q be a vertex operator, acting on the Fock 
space C£[[ti, ^2, • • •]], obtained from the composition of the vertex operator 



oo oo 



(1.10) exp ( - - C)tn) exp (E - 

n=l n=l 

and the dilaton shift th+i ^ th+i — We define the differential operators 
by the following Taylor expansion: 

U °° k 

(1.11) Yl ^^'"'c'^^w - c)-^ nw, = J + E E ^'^"""'"'It 

fc=0 ngZ 

where w = {h{\ + s)Y^^, C = (hXy^^ and the sum on the left-hand side is over 
all branches of X^^^. 

On the other hand, using the change of variables: 

(1-12) t-i+kh '^'^ ^ 



{-i + h){-i + 2h)--- (-Z + kh) 

and the dilaton shift t/^+i 1— > th+i — we identify the Fock space Ce[[go! Qi + 
l,q2,...]] with the subspace of Ce[[ti, ^2, ^3, • • •]] consisting of all series inde- 
pendent of th,t2h,t3h, etc. Therefore, given an element T> from the Fock space 
Ce[[q'o, Qi + 1, ^725 • • •]] it makes sense to consider the action of on V. 

Theorem 1.3. The following statements hold: 

a) The regularity conditions W^V = (n + k > Q,k > are equivalent 
to J^V = (n + k>0,k>0). 

b) The map —X'^'^^d^ ^ is a representation of Wi+00 with central 
charge h. 

c) If the regularity condition J^V = 0, n + k > 0, holds for k = 0, 1, . . . h — 
1, then it holds for all k > 0. 

This theorem will be proved in Section [21 The proof of a) amounts to 
changing the variables in (11. 9p via (I1.12p and observing that we get (II. lip 
up to factor, which is invertible and regular in A. Part c) is a corollary from 
[13j and b). Finally, to prove b), we construct a representation of VTi+oo (see 
[29] ) in the Fermionic Fock space and we prove, using the Boson-Fermion 
isomorphism, that the representation is the same as the one stated in the 
lemma. 

1.3. Higher spin curves. By definition, an /i-spin smooth curve is a Riemann 
surface E equipped with n marked points xi,X2, ■ ■ ■ a line bundle L on 
S, n integer labels mi,m2, . . . ,mn, < rrii < N — 1, and an isomorphism 
between L®'' and the twisted canonical bundle 0{—miXi). The moduli 

space of equivalence classes of /i-spin curves is denoted by A^^n; where m = 
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(mi, . . . , m„). It is non-empty iff the degree compatibility condition is met: h 
is divisible by 2(7 — 2 — ^ . mj. In this case the forgetful map vr : ■^g,n, 
which remembers only S and the marked points, is a degree h^^ covering. 

It is known that ■M.'^n has a natural compactification A^g„, obtained by 
analyzing what happens to the sections of the line bundle L when S acquires 
a node (see [37] and [20]). Another important ingredient is the Witten's top 
Chern class e H*{Mg^„,Q). Using the spin structure isomorphism L*^ = 
CUE® (S^j C'(— mjXj), one can define a map w : fi°'°(L) — > i7°'^(L), s ^— ds + s^ . 
This construction, which so far is only over a single point of Aig „ is natural, 
so w can be interpreted as a map between two bundles over -Mg^n- Then is 
Poincare dual to the pushforward of the zero locus of w to Aig „. More details 
can be found in ^33j, ^31j, and [37J. 

Let H be an iV- dimensional vector space with basis vi, . . . ,vn and a non- 
degenerate bilinear paring defined by {vi,Vj) = 6i+j^N+i- Put 

m 

where ifjj is the first Chern classes of the line bundle on Aig „ formed by the 
cotangent lines T*.I1, and m = (A^ — ii, . . . , N — in)- 

It follows from the work of [20], [31], [33], and [36] (see also [35]), that 
the total descendant potential of Ajy-singularity coincides with the following 
generating function: 

Va^ = exp ( 5^ i.e2^^-2(q(^), . . . , q(^)),,„) , 

where the summation is over all ^f, n > 0, 

N 

fc>0 1=1 

and we have to shift gf^ ^— gf^ + 1, so that we have a formal series in gf^ + 1 
and ql, {k,i) ^ (1, A^). It is easy to see the following. The J°-constraints are 
empty, because is a constant, the constraint J^_^_]J^ = comes from a rule 
for removing VN+i-i'ip^ ^ i ^ N,k > 0), and the rest of the constraints, 
according to Theorem II. 3[ are corollaries from the the preceding ones. In 
particular, the J^-constraints coincide with the Virasoro constraints. 

1.4. Final remark. The Virasoro constraints for a point, which in our case 
correspond to A^ = 1, can be proved directly, without using [21] and [25] . 
The argument, given by M. Mirzakhani [28], is based on an interpretation of 
the intersection numbers in terms of symplectic volumes. Then by using the 
Duistermaat-Heckman formula Mirzakhani obtains some recursion relations. 
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which turn out to be the same as the ones provided by the Virasoro algebra. 
It would be interesting to see whether our constraints can also be proved 
geometrically. 

2. From Wan to W^. 

The goal in this section is to give a proof of Theorem 11.31 

2.1. Reduction modulo h. The change of variables fll.l2p looks mysterious 
but it has a very simple purpose: up to terms depending only on th, t2h, Hh, ■ ■ ■ 
it just transforms the vertex operator TaiS^, A, s) into r(w, Q where w = {h{X + 
s)y/'' and C = (hXy/'' - see ( iLTOi) . Indeed, by definition 



{{&\^,X),v,)v\-zr) 



Therefore, for A; > we have: 

(2.1) (J('=)(0, A), t;,) = {-l)H{i + h)---{i + {k- l)h){hX)-^-^l\ 
and 

Since {vi,Vj) = Si^j^^+i, as one can easily verify from (11.21) . using our quanti- 
zation conventions we get: 

^ -t.i+ik+i)hihXy+'-'/^ if n = -A; - 1< 0, 
^9,,,,,(/.A)-'=-/^ ifn = A;>0. 

It follows that the substitution th = t2h = ■ ■ ■ = transforms the vertex 
operator T{w, () into ra(0, X + s, A). We call this operator the mod-h reduction 
of T{w, C) and denote it by ""^T{w, (). 

2.2. The phase factors. Our next goal is to compute the coefficient Ca(0, A, s) ■ 

1 r — Al -1 

g2 J-i The restriction of the phase form Wa,a to the complex plane in T 

spanned by 1 is: 

{li'\0,-tN,s),li^\0,-tN,s))dtN. 
Using the above formula for the period li^^ we get: 
1 ^ 

i=l 

One ckecks directly that an anti-derivative of this function is 

AT N 

ii-tN + S)h) _ {-tNh) 



h — i 
h 



2 log 



{{-tN + s)h)>^ - {-tNh)^ 
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If we substitute in this formula tjy = —A we get 2 log ^^^^^j where 



(2.3) c{s) := (1 + .)-^ = h + ——s' - ——s' + 0{s'). 

[I s\h - I 2Ah 24/1 

Therefore, the coefficient Ca(0, A, s) = e^-'-i equals c{s/X)/c{s). 
Proof of Theorem M.'A a). Recalling the definition f 1 1.9 1) of we get: 

oo 

c(^) E E A— '^^'^ = E c(^/A)^^'r(^, c) 

fc=0 neZ 

where the last sum is over all branches of A^^^. 

On the other hand, we have — (^)^^ = c{s/\)/{hs). Therefore, 

equation (11. lip assumes the form: 

oo ^ 

Let V be an element of the Fock space Ce[[go; Qi + 1; 92, •••]]• We need to prove 
that ^ c(s/A)r(w, is regular in A if and only if c{s / Xy^'^T {w , QT^ is 
regular in A. But this is obvious because T{w,Q and '^^'^T(w,Q differ by an 

invertible factor regular in A, namely exp YlT=i ^kh ^(A + s)^ — h^- □ 

2.3. The algebra of differential operators on the circle. The Fermionic 
Fock space A'(C[C,C ""^l) is a Z-graded vector space, whose degree-m part 
A™ (C[C, C^'^]) is spanned by infinite-wedge monomials 

C*" A C*' A C*' A . . . 

such that io > ii > 12 > . ■ ■ and = — s — 1 for s ^ (see [23]). Denote by 
V'-i+i the operator of wedging by C and by the operator of contraction 

2 * 2 

byC- 

The Lie algebra gloo of all Z x Z matrices having only finitely many non-zero 
entries can be represented in the Fock space via: 

where Eij G gloo is the matrix defined by EijCk = SjkCi. This representation 
can be extended to a projective representation of gl^ - the Lie algebra of 
infinite matrices with finitely many non-zero diagonals. Namely, the formulas 

-fj? \ I I* /V'-i+i/2^;_i/2 forj>0 

[-^*_i/2^i-i/2 forj<0. 
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define representation of a central extension gl^ = gl^ + Cc, with central 
charge c = 1 (see [23]). 

Let — A"'^'^^^ (A; > 0, n G Z) be a basis of the algebra Woo of differential 
operators on the circle, and let 

Then —X"-~^^d^ is identified with the infinite matrix: 

(2.4) - h~--' ^ J] - z - - - //i) Ei.r^h, , 

and thus we get an embedding of Lie algebras 4>-N/2,h '■ ^ gl^ (see [2^12]). 

On the other hand, Wco has a unique central extension Wi+oo = Woo + 
CC, which can be described as follows. Fix a basis Cj = then each 
differential operator —(^'^+^Q'^ is represented by an infinite matrix, so we have 

an embedding 0o,i '■ ^oo ^ gloo- The central extension gl^ of gl^ induces a 
central extension of Woo, which is isomorphic to Wi+oo- In other words, the 
map 

00,1 : W^i+oo - Soo, C'dl^MC^^'dl), C^c 

is a Lie algebra embedding. We are going to make use of the following explicit 
formula for the commutator in W^i+oo (see [22]): 

pXm p-yk 

(2.5) [C'e^^'S Ce^^^c] = {e^^ - e^'^) C'^+'^e^^+^^^c + 5, 
where = C<9f. 

The next lemma is essentially the same as formula (19) in [2]. There is, 
however, a slight difference in the set up here and there, so we will give a 
separate proof. 

Lemma 2.1. The embedding (f)-N/2,h '■ w^o gl^o can be extended to a Lie 
algebra embedding (j)-N/2,h '■ ^ g^oo following way: 

xN 

A"e-^ « ^_,,(A"e-^)+^„,„(_£^-_A_)e 

C ^ he 
where D\ = Xdx- 

Proof. Notice that (p-N/2,h = 4>o,i ° '^-N/2,h, where 

/■kh ,1 , m 
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Therefore, it is enough to construct an extension T^-N/2,h '■ W^i+oo — * W^i+oo of 
'^-N/2,h- We are going to look for a G w*^ and G C such that: 

T^-N/2,h{L) = ■K-N/2,h{L) + (a, L) C, T^-N/2,h{C) = KC, L e t^oo- 

Then 



and using (12.51) it is easy to see that vr_Ar/2,h is a Lie algebra homomorphism if 
and only if 

,^-(x+y)N/{2h) ^ 



V 1 - e(^+s^)/'' 1 - e'^+y 
Replacing, k + mhy n and a; + ?/ by x, we get: 

(2-6) (a,A"e^^^) = 5„,o(^^-^), 

which equals 

^nO / -HK x(N-2) x{N~2{h-l)) 

— e 2h + e + . . . + e 2^ — K 

1 — V 

For the RHS in fl2.6p to be a well defined formal power series in x, it is necessary 
and sufficient that K = h. □ 

2.4. Boson— Fermion isomorphism. Using the morphism constructed in Lemma 
12.11 and the standard representation r , we get a representation of W^i+oo on the 
Fermionic Fock space with central charge h. We would like now to use the 
Boson-Fermion isomorphism and obtain a representation in the Bosonic Fock 
space. 
Put 

m = c'-' and ^*(c) = c-^'-^ 

The Boson-Fermion isomorphism identifies A™ (C[C, C~^]) a^id C[[ti, ^2, • • -Wl"^ 
in such a way that 

m ^ r+(C), ^*(C) ^ r_(C), 

where the vertex operators are defined by: 



dt„ —n 

n=l n=l " 



and the following anti-commutation relations are preserved: 

(2.7) [m,r{w)u = Kc-^) = j^Ci^— \ 
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(2.8) [v^(c), = = 0. 

It is easy to verify that we have the following Operator Product Expansion: 
where means that we have to expand as a geometric series in the region 

Id > H. 

Lemma 2.2. The following equality holds: 

where w = {h{\ + s)Y^^, C = (hXy^'^, each summand on the RHS is interpreted 
as a formal Taylor series in s, and the sum is over all h branches of \^^^. 

Proof. First, we prove that: 
(2.9) 

oo 

nGZ fc=0 

Using Taylor's formula we get: 

(A + .)-^^*((A + s)'/'^) = Y.J2^' {X-^'^) Ci ^- 

fe>o iez 

Differentiating with respect to A, then multiplying by the series 
A-^^(A^/'^) = J2 A"^~^^,_i, 

and rescaling A and s by /i we get that the RHS in (12. 9p equals the sum (over 
all > 0, i, j G Z) of the following terms: 

(2.10) C'^)-'^-'-' 'K-i'h-i F 

1=0 

Note that averaging a formal series in A^^/'' over all branches of \^^^ kills all 
fractional powers and leaves the integral ones unchanged. Therefore if we sum 
(I2.10p over all branches of X^^'^, then we get a non-zero answer only for k > 0, 
i G Z and j = nh — i + 1. Notice that under the above conditions (I2.10p is 
independent of the branch and that 
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By definition, the above operator is —7^{Ei-nh,i) ■ Therefore, the coefficient in 
front of A~"~''~^^ in (12.101) coincides with fl2li|) . Notice that the additional 
factor of h comes from the summation over all branches of A^^/'^. 

The next step will be to use Lemma I2.1[ In order to do this, we notice 
that Efc>o ^^^A^V'^' = e''^^ where 1 + s = e^. Indeed, X^+^d^^^ = X^Dd^ = 
{D — k)X''d^, so if we denote the LHS by F{x, D) where s = — 1, then it is 
easy to check that d^F = DF and since -F(0, D) = 1 the identity follows. 

So in (12.91) if we replace 4>-N/2,h on the LHS by (p-N/2,h then according to 
Lemma 12.11 we have to add to the RHS the following expression: 

xN 

e 2h h 



A V 1 - e""/^ 



where 1 + s/A = e^. Recall that w = {h{X + s))^/'' and C = {hXy/^, so the 
above expression is equal to: 

h ^uJ-m(^-N/2 ^-N/2^-N/2 

+ h ^- = + > ^- 

s w — Q s ^-^ w — Q 

where the sum is over all branches of X^^^\ It remains only to notice that 

w-C 

where lc^^w means that we have to expand in the region |(^| > □ 
Proof of Theorem \1.3\ b) According to the Boson-Fermion isomorphism, the 
operator —ip{()ilj*{w) is transformed into 

Given two operators A and B such that [A, B] = AB — BA commutes with 
both A and B, we have e^e^ = e^^'^^e^e^. Applying this for A the translation 
term of r_|_ and B the multiplication term of r_, we get: 



oo ^ 

^1 = exp V(w/C)"/n = exp ( log 



n=l 

and so 



s s w — 

where r(t/;,(^) is the vertex operator defined in (ll.lOp . Comparing the above 
formula with Lemma 12.21 and formula (11.111) we get that 

ro^_^/,^,{-X"^'^dl) = 4. 
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Notice that even if we perform the dilaton shift in J^, the commutation re- 
lations do not change, so we still have a representation of W^i+oo with central 
charge h. □ 

2.5. Example. We compute explicitly ^^^J^{X), where the left superscript 
means that we set t/^ = t2?t = ■ ■ ■ = 0. We do not incorporate the dilaton shift 
in our computation for typographical reasons. The reader interested in the 
applications of to higher spin curves should dilaton-shift th+i ^ th+i — 
our final answer. 

Put E = 'L \ KL and denote by Jm the multiplication operator — mt_m for 
m < and the differential operator d/dtm for m > 0. Then we have: 0a(A) = 
~'l2meE •^m{h\)^/'^/m, where a corresponds to a choice of h-th root of A. 
Using the Taylors formula, we get: 

a a 

Since — = c(s/\)/hs, using the expansion in (12. 3p . we get 

.-/=C-/^(u,-C)-'^^(ft + ^A-V + 0(.')) 
Substituting in (11.111) we get: 

a 

or in components: 

/o 1 1 \ red Tl _ \^ ■ ?■ ?■ ■ _lA 



2Ah 

2.6. Wai and Virasoro constraints. Assume now that N = 1 and so /i = 2. 

By definition, the Witten-Kontsevich tau-function is the following generating 
series: 

(2.12) Pp, = exp ( 5^ -e^^-^ /_ + V^, 

g,n ' Mg,n j=i 

where = Ylk'iki'^^ ■ ■ ■) are formal variables, ipi {1 < i < n) are 

the first Chern classes of the cotangent-line bundles on A^g,n, and we have to 
expand in the powers of go, + 1, '?2, • • •• 

The substitution (11.121) . together with the dilaton shift, gives us qu + 5k,i = 
(2/c-|-l)!!t2A:+i- According to the main result in [2lj, is a highest weight vec- 
tor for the Virasoro algebra, where the Virasoro operators are L„ = h^i^'^'^J^). 
On the other hand, it is very easy to see that if P is a series independent of 
th,t2h, ■ ■ ■ then ^^'^J^V = JlV, so Theorem II. 3 [ c) and a) imply 
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Corollary 2.3. Vpt satisfies the Wai- constraints. 

3. The total descendant potential Vaj^ 

The goal here is to define I^Aat following A. Givental [I7j. The starting point 
is a system of differential equations, corresponding to the flat connection (11. 3p 
(see also (13 .ip below). The connection has two singularities and we construct 
two fundamental solutions - one near each singularity. It turns out that such 
solutions are symplectic transformations in Ti. and we can quantize them. This 
way we obtain certain differential operators, which are applied to a product of 
N copies of the Witten-Kontsevich tau-function T>pt. 

3.1. The system of Probenius differential equations. Let E be the vector 
fleld on T, whose value at a point t G T is [ft] G C[x]/ {d^ft) — TfT, i.e., 

i=l 

Notice that if we assign to x and t'' {1 < i < N) degrees 1/h and {i + l)/h, 
then ft{x) is homogeneous of degree 1. Moreover, the residue pairing and the 
structure constants of the multiplication are also homogeneous. 

The various homogeneity properties can be expressed in terms of the con- 
nection operator (II. 3p . Namely, V can be extended to a flat connection on 
T X C* in the following way: 

(3.1) V9/9z = -^-z-' fi + Z~^E* , 

where the linear operator fi : T^T —>■ TtT is deflned by 

^{d/df) = {i/h - l/2)d/df {l<i<N) 

and E» is the operator of multiplication by the Euler vector fleld E. The 
connection V acts on the sections of the pullback bundle n*TT, where vr : 
T X C* T is the projection map. 

The connection V is gauge equivalent to ci — {fi/z)dz in a neighborhood of 
z = oo. There exists a unique gauge transformation 5*^, which has the form 

Stiz) = 1 + Siit)z-^ + S2{t)z-'' + ■ ■ ■ , 

where Sk{t) are linear transformations of H = TtT. Equivalently, St is the 
unique solution to the following system of differential equations: 

(3.2) zdiSt = Vi* St, (zd, + E)St = [/i, St]. 

It is easy to see that St satisfles also the initial condition So = 1. 

Near z = the system of ordinary differential equations VJ = (see (13. 3p 
below) has a formal solution of the type \l/ti?fe^*/^, where the notations are as 
follows. Let u^{t) {1 < i < N) be the critical values of ft. It is known that for 
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a generic t they form a local coordinate system on T in which the Frobenius 
multiplication and the residue pairing are diagonal. Namely, 

d/du' •t d/du' = 5^jd/du^, {d/du\d/du') = 

where Aj is the Hessian of ft at the critical point corresponding to the critical 
value M*. We denote by \E't the following linear isomorphism: 

: TtT, a ^ y^d/du\ 

Note that \Efj identifies the residue pairing on TtT with the standard Eu- 
clidean pairing {ei,ej) = Sij. We let Ut be a diagonal matrix with entries 
u^{t), . . . , u^{t). The series 

Rt{z) = 1 + Ri{t)z + R2{t)z^ + . . . , 

where Rk are linear operators in C^, is uniquely determined by the following 
differential equations: 

(3.3) zdi {^Re^'') = Vi •t (^i?e^/") , {zd, + E) {^<Re^'') = {^Re^^') . 



3.2. Quantization of symplectic transformations. By definition, the twisted 
loop group L^'^^GL{H) is the group of all symplectic transformations of TC of 
the type: M{z) = Ylk ^kZ^ ■> where are linear operators in H, z^ acts on 
TL by multiplication, and the sum is over finitely many k. It follows from the 
definition of the symplectic structure Vt that M{z) is symplectic if and only 
if M'^ {—z)M{z) = 1, where the transposition is with respect to the residue 
pairing on H. 

It is known that both series St and Rt (see Subsection 13.11) are symplectic 
transformations of TC. Notice that St and Rt have the form e'^^^\ where A(z) 
is an infinitesimal symplectic transformation. On the other hand, a linear 
transformation A{z) is infinitesimal symplectic if and only if the map f G 
TC ^ At & TC is a Hamiltonian vector field with Hamiltonian given by the 
quadratic function /iA(f) = ^fi{Af,f). By definition, the quantization of is 

given by the differential operator e^^, where the quadratic Hamiltonians are 
quantized according to the following rules: 

iPk,iPi,jr= ir, {Pk,iqiT= WiPk,iT= qljrj. {qWiT=(iWil(^^- 

oqldql oqk 

By linearity we obtain a projective representation of the Poisson Lie algebra of 
quadratic Hamiltonians of TC on the Fock space. Namely, 



{F,Gr= [F,G]+C(F,G), 
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where the co cycle C is on all pairs of quadratic Darboux monomials except 
for 

CiPaPp, Qaqp) = \' " ^ , a= {k,i), f3= {I J). 
12, otherwise 

The action of St on an element F{q) of the Fock space Ce[[go, Qi + 1, 92, • • •]] 
is given by the following formula (see [16]): 

(3.4) 5r^F(q) = e^^*(''''')F([5,q]+), 
where the quadratic form is defined by: 

(3.5) WM, q) = W,,v,)qiql Yl ^uw-'z-^ = ^*^^^)^*(^) " ^ 



z ^ + w ^ ' 

k,l k,l 

and [ ]+ means truncation of all negative powers of z. Similarly (see |16] ) , 

(3.6) i?,-iF(q) = (e^^'F)(i?iq), 

where is a second order differential operator defined by: 

^ dqldqf ^ z + w 

Notice that on the RHS in formula (13.61) we first apply the differential operator 
e^^* to -F(q) and then we make the substitution q Rt^.■ 

3.3. The total descendant potential. Let t G T be a semisimple point, 
i.e., such that the critical values u^{t) {1 <i < N) form a coordinate system. 
We denote by r = (r^, . . . , r^) the fiat coordinates of t. The total descendant 
potential of Ajy-singularity is defined in a formal neighborhood of the point 
T — Iz E Ti^ by the following formula: 

N 

(3.8) P^^(q) =e^'''«5r^$ii?ie^^ \[V^,{e ^,-Q^ 

i=l 

where: 

- = {Qq, Qi, ■ ■ ■), i < i < N, are sequences of variables. 

- The formal series I^pt(e V^i ; Q^\/^) is obtained from the total descen- 
dant potential of a point (12.121) via the dilaton shift: t{z) = Q\z) + z 
and rescaling of e and by \^Ai. 

- (\E'jF)(q) = F(\E'~^q), i.e., this is simply the change of variables: 

QiV^j=T.^^l {k>0,l<j<N). 

i=l 
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- The genus-1 potential F^^\t) is defined in such a way that the RHS 
of (13.81) is independent of t. The precise value is irrelevant for our 
purposes. 

The product in (13.81) is a formal power series with coefficients in in the 
following variables: 

(3.9) Ql^/Ai,Q\^/Al+l,Qi^/A„...{l<J<N). 

The operator e^*/^ is redundant, because its exponent Ut/ z is known to an- 
nihilate the product of the Witten-Kontsevich r-functions. The action of the 
operator R^^ is given by formula (13.61) . where instead of q = J^kill^i^'^ 
has to use Q = ^^iQl^iz''- In particular, R^^ preserves the space of formal 
power series in the variables (13.91) . 

Furthermore, we have 1 = '^*)'^« ^^"^ 

^ Pi 3 ^ F) 3 

o{ ^A- + 1 = 1^ (,! + (1, .')) - 2^(1, «•) + 1. 

1=1 i=l 

The second sum is equal to 1, because the unity in TjT is '^■d/du\ There- 
fore, the change of variables \E't is an identification between the Fock space 
Ce[[5'o, Qi + 1, • • •]] and the space of formal series in the variables (13. 9p . 

Finally, by using formula (13.41) . it is easy to see that S^^ is a map from the 
Fock space Ce[[go, Qi + 1, (I2, ■ ■ •]] to the space of formal series in go ~ i?i + 
1, q2, ■ ■ .. Here one needs to use that Sil = t. This follows from the differential 
equations (13. 2p . which imply diSil = Vt, and the initial condition 5*0 = 1 which 
implies 5'i(0) = 0. 

More details can be found in [T7|. 



4. Symplectic Action on Vertex Operators 

Let S" = 1 + Siz~^ + S2Z~'^ H and R = 1 + Riz + R2Z^ H be two 

symplectic transformations of Ti. The adjoint action of their quantizations S 
and i? on a vertex operator of the type e'^^^'^\ where 0(A, s) = 0(A + s) — 0(A) 
is given by the following formulas (see p~5]): 

where W is the quadratic form defined by (13.51) . and 

where 0(A, s)_ is identified with the linear function i7(0(A, s)_, ) and V is the 
second order differential operator defined by (13. 7p . 
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4.1. Remark. In our settings the exponents of the vertex operators have the 
form: 

In formula (14.11) . the expression S(j){\, s) could be interpreted in the formal A~^- 
adic sense, provided that each period /'■"^(A) expands as a Laurent series near 
A = oo. Similarly, formula (14.21) admits a formal (A — u)-adic interpretation, 
provided that /'•"^ expands as a Laurent series near \ = u for some m G C. 

4.2. Symplectic translation. We recall the fields (pait, A, s) G 7i, which were 
introduced in the introduction. They satisfy the following differential equa- 
tions: 

(4.3) Zdi(l)a{t,\s) = Vi» (f)a{tA,s), 1 <i < N, z9A0a(t, A,s) = A,s). 

The last equation is trivial. The rest follow from the fact that the form u = 
dx is primitive in the sense of K. Saito ^34j (see also |i9|. Chapter 11). An 
elementary proof, using only Cauchy residue theorem, can be found in [5U] . 
The argument in [30] is for the space of miniversal deformations of a Laurent 
polynomial in one variable, but after a minor modification it works for A^q 
singularity as well. 

Lemma 4.1. The following formula holds: St4>a{^, A, s) = (f)a{t, A, s). 

Proof. Both St4>{0, A, s) and (pit, A, s) satisfy the same ordinary differential 
equations in t and since 5*0 = 1, they satisfy the same initial condition at 
t = 0. □ 

Let t G T be a semisimple point. Let = u^{t) be one of the critical 
values. We fix a pair of 1-point cycles a,b E /Jo(/r^(A); (1/2)^) such that 
(3 := [a — b)/2 is a vanishing cycle, i.e., f3 vanishes when transported from 
(t. A) to {t,u'). 

Notice that in the case of Ai singularity u'^{t) = t and 

Mt. A. .) ^ ^i-^.e.r {^=j^, - 71=) 

We will denote the above sum by (pAiit, A, s). 

Lemma 4.2. For A near the following formula holds: 

(t)p{t,X,s) = ^tRt(pA,{u\\s)ei = ^4i?<e^*/^0Ai(O,A,s). 
Proof. According to A. Givental (see Theorem 3 in [15]) we have: 



v/2(A" 
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Replacing A with A + s and then subtracting the above formula we obtain the 
formula stated in the lemma. □ 

4.3. Phase factors and the symplectic structure Vt. The phase factors 
in (14.11) and (14. 2 p can be expressed in terms of the symplectic structure. 

Lemma 4.3. Let us identify the vectors f , f G 7i- with linear functions via 
f2(f, ) and f2(f , ). Then we have 

vn = vl{[r-H]+,[r-^J]_) . 

Proof. Using the definition of Vki and induction on /, it is easy to prove that 

Vki = {—1)^^^ Rk+i+i + {—ly Rk+iRi + . . . + {—iy^^~'' Rk+iRj ■ 
Putting 

f = J2fk{-zr''-' and f = j27i{-zr'-' 

k>0 l>0 

we obtain 

k,l k,l i=0 

The last expression should be compared with 

res,=o ([i?^(^)f(-z)] + , [R^i-z^z)]^) dz. 

The lemma follows, because Rs'^^—z) = R~^ . □ 
The next lemma can be proved by a similar argument. 

Lemma 4.4. For q, q G 7^+, the following formula holds: 

iy(q,q) = (]([5q] + ,[5q]_). 

4.4. The Phase form. The symplectic pairing A, 0/3(t, A', 

does not make sense, because the coefficient in front of for a fixed integer 
k is an infinite sum. However, if we pick u G C U {oo} and expand the 

periods l!^\t, A), lj^\t, A') (n G Z) as Laurent series near X = u and X' = u 
respectively, then the symplectic pairing determines a well defined element in 
the following space of formal Laurent series in two variables: 

C((A -u,X'- u)) := C((A - u)){{X' - u)) n C((A' - n))((A - u)), 

where X — u and X' — u should be replaced by A~^ and (A')^^ if m = oo. 

Lemma 4.5. Let a and (3 be arbitrary cycles. Then 

dQiMt, A, s)+, A', = A, s) . 4°)(t, A', s), 

where d is the de Rham differential on T. 



22 BOJKO BAKALOV AND TODOR MILANOV 

Proof. By definition, f2(0Q,(t, A, s)+, 0^()f:, A', s)) equals 

oo 

On the other hand, using the differential equations (14.31) we get: 

a,j(")(t,A,s) = -t;, .i/("+^)(t,A,s). 
So if we differentiate with respect to r* we get 

oo 

. Ii'+'\t, A, s), 4-'-'\t, A', s)) + A, s), v. . 4-'\t, A', s) 

k=0 

The only term in the above sum that survives is (^Ia\t, A, s), fj • l'p\t, A', s) j . 

□ 

Let t be a semi-simple point and M*(t) be one of the critical values of ft- 
Given A sufficiently close to m* we pick a pair a and h of one point cycles from 
Ho{ft~\X), (1/2)Z) such that p = {a - b)/2 is a vanishing cycle. 

Lemma 4.6. The following formula holds: 

dVtiMt, A, s)t = -W^At - A 1) + (-==i_= - ^ )'du\ 

V^2(A + s-M') y^2(A-M')>^ 

where d is the de Rham differential on T . 

Proof. Put f = A, s) and f = "^^^(pplt, X' , s) for brevity. According 

to Lemma [4.31 V(f_fl is equal to: 

Therefore, we get 

(4.4) n{[R-'iU,[R~'r]^)-niu,r_). 

On the other hand (see Lemma 14. 2p 

R;%{t,X,s) = J2lAX^\\s){- 



-zT. 



For Ai singularity we have 

and thus the lemma follows by applying Lemma [4.51 and setting A' = A. □ 
A similar argument yields that (see also Section 7 in [TJ]) 

dWtiMO, A, s)+, 0,(0, A, s)+) = Wa,ait - Al). 
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On the other hand Wq = because 5*0 = 1. Therefore, we get 

/r-Al 
Al 

Finally, in a neighborhood of A = we have the following vertex operators 
factorization (see Proposition 4 in [15j): 

r,(t,A,s) = e^"r„(t,A,s)r^(t,A,s) 

where a = {a + b)/2 and 

Ka = -n A, s))+, {(Pfsit, A, . 

Notice that (f)a is analytic near A = m*. This is because each period Ia\t, A) 
expands in the powers of (A — u*)^/^ and has a pole of order at most 1/2. On 
the other hand, the cycle a is invariant under the local monodromy and so 
the period Ia\t, A) must be single- valued near A = u\ i.e., the corresponding 
expansion has only integral powers of X — u\ Now it is easy to see that the 
symplectic pairing of (j)a+ and is well defined in the (A — u*)-adic sense. It 
follows from Lemma [4. 5 [ with A = A' that dKa = —Wa,i3{t — Al). 

4.5. Periods of the phase form. A crucial step in our proof of Theorem ll.il 
is that certain periods of the phase form vanish. Using the map 

(4.6) TxC^T, (t,A)^-^^-Al 

we interpret the integral yVa,f3, where 7 is a path in T x C and a, (3 are 
cycles, as Wa,/?, where 'Wa,(3 is the puUback via (14. 6p of Wq,,/3. 

Lemma 4.7. Let '-f be a small loop around a generic point on the discriminant 
and (3 he a cycle vanishing at that point. Then y^i3,i3 = 0. 

Proof. We may assume that 7 is in the A-plane {t} x C. By definition, the 
restriction of the puUback via (14.61) of W/3./3 to 7 has the form: 

cx> 00 , 

^^,^=-j:{ e ^{4'\t,x),i';\t,x)))s-dx. 

n=2 fc>l,Z>l 
k+l=n 

Using that I^^\t, A) = d^lj^\t, A) and integration by parts we get 

/oo „ 00 f -\\k 

w« = -E/( E y-(/r(*.^).r"('.A)))^'"<;A. 
n=2 "'T k>l,l>l 
k+l=n 
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On the other hand, 

= (1 - ir = E 



k=0 



and thus 



kill n\ 

k+l=n 

We get that n =: 2m should be even and that the period of the phase form 
turns into 

E / A), A)) ^/^ = l {ifit^ A), lf{t, X, s) + lf\t, A, -.)) dX. 

On the other hand, according to Lemma 14.21 we have 



k I 



However, is an isometry and {—dx)Rt{dx) = 1, because Rt is a symplectic 
transformation. Using these two facts and integration by parts we get that the 
period equals 



l'^l{u\X),l'^l{u\s,X)]dX+ / (P^I{u\X),l'^l{u\-s,X)]dX. 



Expanding in the powers of ±s via the Taylor's formula we get 



lf^{u\ ±., A) = E ^?^(2fc - 1)"(2(A - u^))-'''-' e. 



k>l 

Therefore, 

I {lfl{u\\)jfl{u\±sA)) rfA = E^(2fc-l)!! [{2{X-u^))-'-'dX = 0. 

□ 

Now we are ready to prove the following global vanishing property. 

Lemma 4.8. Let 7 he any loop in T x C avoiding the discriminant and a is 
a cycle invariant under the parallel transport along 7. Then J^yVa,a = 0. 

Proof. The proof here follows the argument in [15], Proposition 1. The par- 
allel transport along a closed loop determines a monodromy transformation 
in i7o(/o'^(l); C). It is not hard to see that all monodromy transformations 
form a group isomorphic to the quotient of the braid group on + 1 strands 
by the relations: rf = 1, . . . = 1, where rj is the braid whose strands are 
straight except for the ones from i to i + 1 and from i + 1 to i. In fact, all 
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vanishing cycles form a root system (in ifo(/(7^(l); IR) — IR^^"*^) of type Ajsi 
and the monodromy group is isomorphic to ^at+i - the Weyl group of the root 
system of type A^. 

Now we use the fact that if a vector a G M^"*"^ is invariant under a permuta- 
tion a then a can be decomposed into a product of transpositions that leave a 
invariant. This means that our path 7 can be decomposed into 7^ . . . 7^7^ ■ ■ - "^f 
where 7^' and 7j are simple loops around the discriminant and the cycle a is 
invariant along 7^'. We have / , Wa,a = 0, because a is invariant along 7^', which 

in particular implies that the periods l!^\t, A) - hence the phase form yVa,a ^ 
are holomorphic. 

The loop 7j goes around a generic point {t,u^{t)) on the discriminant. Let 
/3 be a vanishing cycle. Put a = a' + {a, l3)j3/2, where a' is invariant along 7^ 
and ( , ) is the intersection pairing. Then we have: 

(1) / 2 yVa',a' = 0, because Wa^a' is holomorphic near {t,u^{t)), 

(2) f 2 Wa',f3 = 0, because the parallel transport along 7^ transforms P into 
—p. So the period may be written as: 

J^j J-jj Jy^ 

(3) / 2 = 0, according to Lemma W77\ 

It follows that / 2 Wa,a = 0. □ 

5. Proof of Theorem 11.11 

We split the proof of Theorem 11.11 into 3 steps. 

5.1. Prom descendants to ancestors. The following formal series is called 
the total ancestor potential oi the Ajy-singularity: 

N 

At := §ti?te^*/^ n^pt(^V^5^'v^)- 

i=l 

We have Va^ = e^^'^^'^ S^^At. Using the conjugation formula (14.11) . Lemma 
14.11 and formula (14. 5 p we get that the proof of Theorem 11.11 amount s to proving 
that the series 

(5.1) ^Ca(t,A,s)ra(t,A,s)A 

a 

rt~Xl w . 

is regular in A, where Ca{t, A, s) = e-'-i The integration path in is the 

composition of the path from —1 to — Al used in the definition of Ca(0, A,s) 
and an arbitrary path from — Al to t — Al. The regularity of (15.11) is interpreted 
the same way as that of (II. Sp . 
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5.2. Prom regularity at A = oo to regularity at the critical values of 

ft. The total ancestor potential At has the following crucial property. If we 
write 

oo 

At = expJ2^^'\cDe'^-' e CHe^% 

9=0 

then each J-"^^^ satisfies the following {3g — 3 + r)-jet constraints: 

dr-p{g) 



= if A;i + . . . + A;^ > 30 - 3 + r. 
Notice that 

T^it,X,s)At E C[[q,e^\\^\s]]. 

Given a multi-index of the type / = {{ki,ii), . . . , {kr,ir)}, we put q-'^ = 
Iki ■ ■ ■ Ikr ^^^^ ^ length := r. 

Lemma 5.1. The coefficient in front of each s^'^ in Tait, A, s)At depends 
polynomially on finitely many periods I^\t, A). 

Proof. For brevity, put (j) = A,s). Using that the action of the vertex 
operator on the Fock space is given by fll.6p we get 

^ oo 

(5.2) r,(t, A, s)At = exp (-fi(q(^), 0_) + J] F^'^q + e<j)+)e'^-') . 

^ 9=0 

Expanding the genus-^f term in the above sum in the powers of 0+ we get: 



y- 

^ I Ar 



|Aut| 

where the sum is over all multi-indexes {{ki,ii), . . . , {kr,ir)}, ordered lexico- 
graphically, and |Aut| is the corresponding number of index-automorphisms. 
Since we are interested in the coefficient in front of for a fixed G we get that 
g < G and r < G, i.e., there are only finitely many combinations of genus-f?, 
partial derivative of order r terms which contribute to our coefficient. On the 

other hand among all monomials in JF*^^"* only the ones of length less or equal 
to r + /(J) could contribute and thus due to the (3^' — 3 + r)-jet property we 
have ki < 3g — 3 + r + We get that we have finitely many choices for 
ki, . . . ,kr- Finally, since 



n>l 
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and we are interested in the coefficient in front of a fixed s , we get that the 
coefficient in front of q^e'^s^^ in the exponent of fl5.2p depends polynomially 

on the periods l!r\t,X). Notice that we also have the following relations: 
M + G > and M > 0. The remaining term e~^n(q, 0_) also has this form. 
Therefore, the exponent in (15. 2p has the following property: 

(*) it is a series of the type ^ c/^cMq^e'^s^, where the sum is over all 
multi-indexes /, integers M > 1, and integers G > —M, whose coeffi- 
cients ci^G,M depend polynomially on finitely many periods /(")(t, A). 

It is straightforward to check that property (*) is preserved under exponenti- 
ation. The lemma follows. □ 
Using Lemma 15. we get that the regularity condition is equivalent to the 
polynomiality of certain meromorphic functions, which are given by some poly- 
nomials of the periods I^^\t, A). Apriory, such functions are defined and single 
valued in the whole complex plane except possibly for A = (1 < i < N) - 
the critical values of ft- So we have to prove that for each A = the expression 
(15.11) has no pole at X = u\ 

5.3. Regularity at the critical values. Let be any of the critical values 
of ft- All one point cycles in the sum (15.11) . except for two, which will be 
denoted by a and b, are invariant under the local monodromy transformation 
around the discriminant near the point {t,u^). This means that all terms in 
the sum are regular at A = except for the two exceptional ones. Therefore, 
we have to prove that the expression 



expanded as a formal series in (A — m*)^^ has no poles. 

Put a = {a + b) /2 and (3 = {a — b)/2. Then we have the following vertex 
operators factorization (using a = a + (3 and b = a — (3): 



(5.4) r„ = e^r,r^, r6 = e-^r,r_^, = -r](0,(t,A,s)+,0^(t,A,s)_). 



The ancestor potential At has the form ^tRtY\i-^i- (15. 3p . we factorize 
the vertex operators according to (15.40 . We can drop the vertex operator Fq 
because it is analytic near A = u*. Then after conjugating by '^tRt and using 
formula (14. 2 p and Lemma 14.21 we see that the regularity of (15. 3p is equivalent 
to the regularity of the following expression: 



(5.3) 



( 



Cait, A, s)Va{t, A, S) + Cb(t, A, s)Vb{t, A, s 



))a 



{ca(t, A, s)V+{u\ A, s) + Cfe(t, A, s)V_{u\ A, s)) A, 
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where T^{u\ A, s) = e^'^'^^i e^*^^! and the coefficients are given by 
the following formulas: 

1 Z"*"^^ 1 

logCa =-J - ^{Mt, A, S) + , (t)p{t, A, + -VcPpit, A, sf_ 

and 

1 Z"*"^^ 1 
logcft = - y ^ + A, A, s)J) + A, sY_. 

Let us rewrite the first formula in a slightly different way. We put a = a + (3 
and so we have Wa,a = yVa,a + '^y^a,i3 + Also we add and subtract the 

integral: 

1 0, 0, , 4 - 

It should be clear that log Ca is a sum of the following three functions. The 
ffist one: 

(5.5) \ + \ £ ' Ji°)(e, 0, .) . 0, 

the second one: 

/t-Al 
>V«,^-(^(</.«(t,A,s)+,0^(t,A,s)_), 

and the third one: 

1,. , , , 1 f''^^ ... 1 r'"^ /I 1 \2 



(5.7) ^--2X. ivii7=1y"75Ry^''- 

Notice that both (15. 6p and (15.71) are single- valued near \ = u\ Indeed, let 7 be 
a small loop - based at (t, A) - going around (t, u*), then the analytical continu- 
ation around 7 transforms A, s) + , (pjsit, A, s)_) into fi(</)Q,(t, A, s)+, (p-jsit, A, 
However, the differential of fi(0Q,(t, ^, s)+, ^/^(t, ^, s)_) is Wa,i3{t — ^1) (see 
Lemma H75l) . so using the Stoke's theorem we get: 

(5.8) l](0„(t. A, s)+, <Pp{t, A, s)„) - n(0,(t. A, s)+, </._^(t. A, s)J)= I W^^^p. 

The analytical continuation along 7, changes the value of the integral in (15. 6p 
also by Wa,/3, which implies that the function (15. 6p is single valued near 
A = M*. Moreover, using Lemma [4.51 and the Leibniz rule, we get that (15.60 is 
independent of t and A, so (15.60 is just a constant. 

A similar argument proves that (15. 7p is also a constant. It remains to analyze 
(15. 5p . The ffist integral is an analytic function in A, because the cycle a is 
invariant under the local monodromy. The exponent of the second integral is 
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exactly the coefficient, which our general theory would prescribe for the Wai- 
constraints of the ancestor potential of Ai-singularity (see Subsection 15. II) . 

For logCft, the only difference is that in (15. 6p we have to replace j3 with — /3. 
Therefore, the regularity of (15. 3p would follow from the Wai constraints for 
the ancestor potential of Ai-singularity, if we manage to prove that Ca = Cb. 

The difference log Ca — logCb is equal to: 

(5.9) -J m,a-^J Wb,b-2n{^^{t,X,s)+,Mi^>^^s)~)- 

By definition P = {a—b)/2, so we have — 20/3(t, A, s)_ = (pbit, A, 0a(t, A, 
Therefore, using Lemma and the Stoke's theorem we get that the last term 
in (15. 9p - with the coefficient (—2) included - equals yVa,a, where % is a 
simple loop around the discriminant going around {t, u^). Using that a = a + (3 
we get 

where for the last equality we used that 'Wa,a = J^. y^i3,i3 = 0. The ffist 
integral vanishes, because Wa^a is analytic near X = u\ while the second one 
is zero thanks to Lemma 14.71 

Recall that the integration paths of the integrals in (15. 9p have the form C and 
C070, where C is a path from — 1 to t — Al and 70 is a loop, based at —1, such 
that the parallel transport of a along 70 is b. Therefore, (15. 9p can be interpreted 
as: I yVa,a, where 7 is the composition of the paths: 7(7^ o o o C. On 
the other hand, the cycle a is invariant along 7. Recalling Lemma 14.81 we get 

/,>Va,a = 0. 

It remains only to prove constraints for the ancestor potential of Ai 
singularity. However, they follow from Subsection 15.11 and the Wai constraints 
for T>pt - see Corollary 12.31 Theorem 11.11 is proved. □ 
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